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Bragg Gratings – Refraction Index is Periodic. Periodicity Wavenumber 
𝑸 = Τ𝟐𝝅 𝜦



Two Dimensional Problem

𝑦 𝑧
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Particle in a Periodic Potential – Periodicity wavenumber 𝑸 = Τ𝟐𝝅 𝒂

Schrödinger equation   - 𝑖ℏ
𝜕Ψ

𝜕𝑡
= −

ℏ2

2𝑚

𝜕2Ψ

𝜕𝑥2
+ 𝑉 𝑥 Ψ Kronig–Penney model



Schrödinger equation   - 𝑖ℏ
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𝜕𝑡
= −
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𝜕2Ψ

𝜕𝑥2
+ 𝑉 𝑥 Ψ

𝑉 𝑥 = 
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∞

𝑉𝑛𝑒
𝑖𝑄𝑠𝑥; 𝑄 =

2𝜋

𝑎

𝑉 𝑥 = 0 ⇒ 𝑖
𝜕Ψ

𝜕𝑡
= −

𝜕2Ψ

𝜕𝑥2
⇒ Ψ = 𝐴𝑒𝑖 𝑘𝑥−𝜔𝑡 ⇒ 𝜔 = 𝑘2

Bloch Theorem: Ψ = 𝑢(𝑥)𝑒𝑖 𝑘𝑥−𝜔𝑡 with  𝑢(𝑥) Periodic



𝑖
𝜕Ψ

𝜕𝑡
= −

𝜕2Ψ

𝜕𝑥2
+ 𝑉1 𝑒𝑖𝑄𝑥 + 𝑒−𝑖𝑄𝑥 Ψ

𝑒𝑖 𝑘𝑥−𝜔𝑡 

𝑠=−∞
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𝐴𝑠 𝑘 − 𝑠𝑄 2 − 𝜔 𝑒𝑖𝑄𝑠𝑥 + 𝑉1 

𝑠=−∞

∞

𝐴𝑠+1 + 𝐴𝑠−1 𝑒𝑖𝑄𝑠𝑥 = 0

𝐴𝑠 𝑘 − 𝑠𝑄 2 −𝜔 + 𝑉1 𝐴𝑠+1 + 𝐴𝑠−1 = 0

Ψ = 𝑒𝑖 𝑘𝑥−𝜔𝑡 

𝑠=−∞

∞

𝐴𝑠𝑒
−𝑖𝑄𝑠𝑥

Ψ = 𝐴𝑒𝑖 𝑘𝑥−𝜔𝑡



Det

⋱ ⋮

𝑘 + 2𝑄 2−𝜔 𝑉1 0 0 0

𝑉1 𝑘 + 𝑄 2 −𝜔 𝑉1 0 0

⋯ 0 𝑉1 𝑘2 − 𝜔 𝑉1 0 ⋯

0 0 𝑉1 𝑘 − 𝑄 2 −𝜔 𝑉1

0 0 0 𝑉1 𝑘 − 2𝑄 2 −𝜔

⋮ ⋱

=0

𝜔(𝑘) = 𝜔(𝑘 + 𝑠𝑄)



Dispersion Relation and Wavefunctions



𝐴𝑠 𝑘 − 𝑠𝑄 2 −𝜔 + 𝑉1 𝐴𝑠+1 + 𝐴𝑠−1 = 0

𝐴1 𝑘 − 𝑄 2 −𝜔 + 𝑉1 𝐴0 + 𝐴2 = 0
𝐴0 𝑘2 −𝜔 + 𝑉1 𝐴1 + 𝐴−1 = 0

𝑘 − 𝑄 2 − 𝜔 𝐴1 + 𝑉1𝐴0 = 0
𝑉1𝐴1 + 𝑘2 − 𝜔 𝐴0 = 0

𝑘2 − 𝜔 𝑘 − 𝑄 2 − 𝜔 − 𝑉1
2 = 0

𝜔 =
𝑘2 + 𝑘 − 𝑄 2 ± 𝑘2 − 𝑘 − 𝑄 2 2 + 4𝑉1

2

2

Approximate Solution



𝑘2 − 𝜔 𝑘 − 𝑄 2 − 𝜔 − 𝑉1
2 = 0

𝑘 =
𝑄

2
± 𝜔 +

𝑄2

4
− 𝜔𝑄2 + 𝑉1

2

𝐴2 = − 𝐴1 + 𝐴3
𝑉1

𝑘 − 2𝑄 2 − 𝜔
𝐴2~

𝑉1
𝑄
, 𝐴3~

𝑉1
𝑄
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… . .

𝐴𝑠 𝑘 − 𝑠𝑄 2 −𝜔 + 𝑉1 𝐴𝑠+1 + 𝐴𝑠−1 = 0



𝑉 𝑥 = 𝑏𝑥 + 𝑉1 𝑒𝑖𝑄𝑥 + 𝑒−𝑖𝑄𝑥

𝑖
𝜕Ψ

𝜕𝑡
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𝜕2Ψ
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+ 𝑉1 𝑒𝑖𝑄𝑥 + 𝑒−𝑖𝑄𝑥 Ψ+ 𝑏𝑥Ψ

Ψ → Ψ𝑒−𝑖𝑏𝑥𝑡

𝑖
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Ψ+ 𝑉1 𝑒𝑖𝑄𝑥 + 𝑒−𝑖𝑄𝑥 Ψ

𝜔(𝑘) → 𝜔(𝑘 − 𝑏𝑡)

Bloch Oscillations

Ψ = 𝑒𝑖 𝑘𝑥− 𝜔 𝑡 𝑑𝑡 

𝑠=−∞

∞

𝐴𝑛𝑒
−𝑖𝑄𝑠𝑥



𝛻 × 𝐄 = −μ0 ሶ𝐇, 𝛻 × 𝐇 = ε0 ሶ𝐄 + ሶ𝐏

Δ𝐄 − 𝛻 𝛻 ∙ 𝐄 = −ω2μ0ො𝛜𝐄

Δ𝐄 − 𝛻 𝛻 ∙ 𝐄 = μ0ො𝛜
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Optical Gratings and Waveguides

Periodical Electrical Permittivity

𝑦 𝑧

x



𝛿𝑛 𝑥 =𝛿𝑛0 𝑒𝑖𝑄𝑥 + 𝑒−𝑖𝑄𝑥

Normal Incidence
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𝐸𝑦 = 𝑒𝑖 𝑘𝑥−𝜔𝑡 
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∞
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𝑘 + 2𝑄 2−𝜔2 𝛿𝑛0𝜔
2 0 0 0
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2 0 0
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2 0

0 0 0 𝛿𝑛0𝜔
2 𝑘 − 2𝑄 2− 𝜔2

0 0 𝛿𝑛0𝜔
2 𝑘 − 𝑄 2− 𝜔2 𝛿𝑛0𝜔

2



E𝑦 = Ψ 𝑧, 𝑥 𝑒𝑖 𝑘𝑧𝑧−𝜔𝑡
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𝑖
𝜕Ψ

𝜕𝑡
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𝜕2Ψ

𝜕𝑥2
+ 𝑉1 𝑒𝑖𝑄𝑥 + 𝑒−𝑖𝑄𝑥 Ψ



Ψ = 𝑒𝑖 𝑘𝑥−𝛽𝑧 

𝑠=−∞

∞
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Vizualization of Quantum Effects
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Bloch Oscillations and Landau-Zener Tunneling in Space Coordinates 
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Ferroelectric  Vortex-Lattice  Photonics


